Recently, a modal domain optical fiber sensor has been demonstrated as a sensor in a control system for vibration suppression of a flexible cantilevered beam. This sensor responds to strain through a mechanical attachment to the structure. Because this sensor is of the interferometric type, the output of the sensor has a sinusoidal nonlinearity. For small levels of strain, the sensor can be operated in its linear region. For large levels of strain, the detection electronics can be configured to count fringes. In both of these configurations, the sensor nonlinearity imposes some restrictions on the performance of the control system. In this paper we investigate the effects of these sensor nonlinearities on the control system, and identify the region of linear operation in terms of the optical fiber sensor parameters.
INTRODUCTION
In this paper we are concerned with the design of active control systems for vibration suppression that contain a modal domain optical fiber sensor. A modal domain optical fiber sensor consists of a coherent light source (a laser), an optical fiber which responds to a measurand, and a detector. By knowing the relationship between the force on the structure and the output of the optical sensor, this sensor can be incorporated into a vibration suppression control system for a flexible beam (Cox and Lindner, 1991) . In order to use such a sensor in a control system, Cox and Lindner (1991) developed an appropriate model for control system design that incorporated the following elements. When the optical fiber is attached to a flexible structure, forces applied to the structure will induce a strain in the optical fiber (Mathews and Sirkis, 1991) . (The relationship between the stress distribution in the host material and the optical fiber is currently an active area of research.) When the optical waveguide is subjected to strain, the intensity of the light at the fiber endface changes in a predictable way. The first model of this effect was reported by Butter and Hocker (1978) . This model was developed further by Sirkis and Haslach (1991) . This later work was extended slightly for modal domain sensors by Reichard and Lindner (1991) . Last, the detection electronics (Murphy, et al., (1991) ) are included in the model.
Modal domain optical fiber sensors are of interest for control system design because they can be configured to have a long gauge length. Recently, this class of sensors, called spatial filters, have been shown to have certain advantages when implementing complex control systems (Lindner, et al., 1990) . They can also be configured for optimal measurement of vibrations in control systems for suppression of acoustic radiation (Lindner, et al., 1991a (Lindner, et al., , 1991b . Reichard (1991) developed models to characterize fabrication and modeling errors for modal domain sensor when they are configured as spatial filters. Modal domain sensors have also been demonstrated in a control system for the suppression of acoustic radiation (Clark, et al, 1992) .
Optical fiber sensors have certain advantages for instrumenting structural control systems. They are low power, light weight, low mass and EMI insensitive. These sensor can also be attached to or embedded in a structure. 1 The model of the sensor from strain in the fiber to intensity at the endface of the fiber (sensor output) contains a sinusoidal nonlinearity. Most of the results reported to date operate this sensor in a range of strain for which the output is in its linear range. In particular, the analysis, design, and experimental verification by Cox and Lindner (1991) of the vibration suppression control system for a cantilevered beam emphasized the linear region of operation of the sensor. In this paper we extend the analysis of the performance of the control system into the nonlinear region of the modal domain optical fiber sensor. In addition, we consider an alternative detection scheme which extends the dynamic range of the sensor. For both configurations, we investigate the existence of equilibrium points and limit cycles through a parametric study. We also characterize the distortion at the output of the sensor introduced by the sensor nonlinearities. Using these results, a modal domain optical fiber sensor can be sized for a particular application based on the predicted disturbance levels.
In Section 2 we introduce the model of the sensor and quantify the open loop distortion introduced by the sine nonlinearity. In Section 3 the effects of the nonlinearities on the closed loop system including the stability of the additional equilibrium points and limit cycles are investigated. Section 4 has the conclusions.
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MODEL OF THE OPTICAL SENSOR

Introduction
The results reported in this paper were motivated by the experiment shown in Figure 2 .1 (Cox and Lindner, 1991) . This experiment consisted of a flexible cantilevered beam with a piezoelectric bending motor attached at the root of the beam and a modal domain optical fiber sensor attached along the length of the beam. The output of the optical fiber was used as a feedback signal to damp vibrations in the beam. To describe the effects of the modal domain sensor on the performance of the control system, we require a model of the sensor. In this section we develop that model and show the effect of the nonlinearity on the sensor output.
Sensor Model
Introduction
A modal domain optical fiber sensor, shown in Figure 2 .2 as a block diagram, consists of: 1) polarized laser light source, 2) lead-in optical fiber, 3) fiber sensing section, 4) lead-out fiber, and 5) detection electronics. This particular optical sensor is distinguished from other optical fiber sensors in that the waveguide parameters and source wavelength are chosen such that two electromagnetic modes propagate in the optical fiber. A modal domain optical fiber sensor was first demonstrated by Layton and Buccaro (1979) . Elliptical-core fibers were introduced by Kim et al (1987) to stabilize the intensity pattern at the fiber interface. The first use of e-core fibers as strain gauges was reported by . Murphy, et al (1990) introduced lead-in and lead out fibers to isolate the gauge length of the sensor and discussed analog and fringe counting configurations of the detection electronics. The optical fiber sensor in Figure 2 .1 is mechanically attached to the structure through an adhesive. (Optical fiber sensors can also be embedded in a composite.) When an external load is applied to the structure, stress is transferred from the material to the optical fiber. The stress in the optical fiber induces strain in the fiber. The change in strain in the optical fiber is observed as a change in the intensity at the endface of the fiber. Based on this observation, the model of the modal domain optical fiber sensor that can be described in terms of the following components:
1. The optical interrogation of the fiber.
2. The transfer of stress from the material to the optical fiber.
3. The strain-optic interaction.
The detection electronics.
In the analysis below we make the following assumptions for each of the components of the model above. The coordinate system of the optical waveguide is shown in Figure 2 1. The optical fiber are strands of glass configured to guide coherent light.
(a) We assume that the optical waveguide has a cylindrical geometry. This geometry is parameterized by the core radius, a.
(b) We assume that the cladding is infinitely thick so that the weakly guiding assumption (n 1 -n 2 << 1) holds (Synder and Love, 1983) . These assumptions are commonly made in the analysis of optical fibers. Using these assumptions for the waveguide, the electromagnetic modes are called LP modes.
The implementations of modal domain sensors use elliptical core fibers. The analysis of the electromagnetic modes that propagate in these waveguides is a currently topic of research.
2. A modal domain sensor measures strain in the structure through the mechanical attachment of the fiber to structure.
(a) We assume the stress in the host material is the same as the stress in the optical fiber. In real applications the model of the stress transfer between the host material and the optical fiber depends on several factors including the geometric orientation of the fiber on the structure and the properties of the bonding layer between the structure and the optical fiber.
(b) We assume that the strain in the fiber is uniform and that the change in the cylindrical geometry is such that the waveguide assumptions above are still valid.
3. The strain optic interaction obviously involves the assumptions in (1) and (2) above as well as the following assumption.
(a) We assume that there is no dynamic interaction between the stress waves in the glass of the optical fiber and the electromagnetic modes propagating in the waveguide.
4. A change in strain in the optical fiber results in a change in the intensity at the endface of the optical fiber.
(a) We assume that the electrical signal at the output of the detection electronics is proportional to the intensity of the light to a point at the endface of the fiber. The detection electronics for a modal domain sensor actually integrates the intensity of part of the endface of the fiber to increase the power coupling between the photodetector and the light. This configuration of the electronics does not impact the analysis below.
Optical Interrogation Of The Fiber
When the optical fiber is in an unstrained state, the fiber acts as a waveguide for the light. The guided light can be described in terms of eigensolutions of the governing partial differential equation by using separation of variables. Each solution, an electromagnetic mode, that propagates in the waveguide depends on:
1. The geometry of the waveguide.
2. The indices of refraction of the waveguide n 1 and n 2 .
3. The laser source wavelength, l.
For modal domain optical fiber sensors all of these parameters are chosen such that two electromagnetic modes propagate in the waveguide.
Using the weakly guiding assumption, the spatial distribution of the electric field of the two electromagnetic modes that propagate in the waveguide are of the form
where the constants b 0 π b 1 are the propagation constants . The propagation constants depend on the waveguide parameters above. These modes in (2.2.1) interfere with each other to produce a intensity pattern that varies along the length of the fiber. As a result of this interference, the intensity, I f , at the endface of the fiber, z f , has the functional form
Strain Transfer
To predict the change in the sensor output with respect to a force applied to the structure requires a model of the strain transfer from the structure to the optical fiber. Our analysis below will assume that the functional relationship between the applied force from the actuator and the strain in the optical fiber is known. This area is topic of current research.
Strain Optic Interaction
Let the optical fiber be attached to the structure along a path S on the structure. Let e(s,t) be the strain tensor for the point s OE S at time t in the cylindrical coordinate system of the optical fiber. Let e 1 be the normal component of the strain tensor aligned with the longitudinal axis of the fiber. The strain in the optical waveguide causes three of the parameters of the waveguide change: 2. The core radius, a, is changed.
3. The indices of refraction, n i , i = 1,2, are changed through the photoelastic effect.
The dependence of these three parameters on strain in the optical fiber is reflected in the intensity of the light at the fiber interface (2.2.2) as I f (e) = I 1 (e) + I 2 (e) cos G(e) ( ) (2.2.3) where G(e) = Db(e)(1 + e 1 )ds
The quantity G(e) is called the phase of the electromagnetic modes. It can be shown that for typical values of optical fiber parameters the first order effects of the strain in the optical fiber is on the phase. Henceforth, we assume that the intensity terms in (2.2.3), I 1 and I 2 are independent of strain.
The functional dependence of the propagation constants on strain is nonlinear. Let e* be the strain distribution in the optical fiber when the structure is in equilibrium. The analysis proceeds by expanding the integrand in (2.2.4) in a Taylor series about e* to yield Db(e)(1 + e 1 ) = Db(e* )(1+e 1 * )
+Db ( The quantity G 0 (e*) is called the Q-point . The Q-point is set by static deformation in a non-sensing section of the optical fiber so that (2.2.7) becomes I f (e) = I 1 + I 2 cos(G 0 (e*) +G 1 (e)) = I 1 + I 2 sin(G 1 (e)). (2.2.8)
The model of the modal domain sensor in (2.2.8) depends on the strain tensor. The results below do not depend on this tensor and they can be explained more simply by assuming the strain tensor e is induced by a stress distribution in the optical fiber that can be modeled by single stress component s 0 , i.e.
e(s 0 (s)) = e 0 (s). (2.2.9) Using (2.2.9) the phase in the last term in (2.2.8) can be written as From (2.2.11) we see that the sensor output has a sinusoidal nonlinearity. The frequency of this sine function, Db, is called the fringe frequency . The period of this sine function,
is called the fringe length .
Detection Electronics
The light at the endface of the fiber is converted into an electrical signal through the use of a photodetector. The output of the photodetector is taken to be proportional to the intensity of the light at a point of the endface of the fiber. The detection electronics use a highpass filter to remove the DC bias. The constant gain of the detection electronics is taken to be one for simplicity.
Combining all of the results above, the model of the modal domain sensor is y MD (t) = sin Db e 0 (s, t)ds
(2.2.13)
When the modal domain sensor is used in its analog configuration , the analog signal from the detection electronics (2.2.13) is processed directly.
The second detection scheme counts the number of 2p phase shifts the output of the sensor experiences. We call this detection scheme fringe counting . To model this detector, we define the quantizer nonlinearity as
(2.2.14)
The output of the detector is y FC (t) = Q FC sin Db e 0 (s, t)ds
Sensor Parameters
The discussion above has identified the key parameters of a modal domain optical fiber sensor as far as the control system is concerned.
1. The most important parameter is the fringe frequency, Db. For analog detection, this parameter essentially determines the dynamic range of the sensor as can be seen from Figure 2 .4. For large amplitude strains, the output of this detector is dominated by the sine nonlinearity in (2.2.13). For fringe counting, the fringe frequency determines the quantization levels of the sensor output.
2. The second important parameter of this sensor is the Q-point. During the operation of the sensor, the Q-point can drift. If we let DG 0 denote the Qpoint drift the sensor output (2.2.13) is given by y MD (t) = sin DG 0 + Db e 0 (s, t)ds
(2.2.16)
In the sections below, the effect of Q-point drift is also discussed.
Scaling
Consider a structure which has been instrumented with a modal domain optical fiber sensor. If this structure is subjected to a sinusoidal force such that the sensor experiences a stress of, say, will also be sinusoidal with amplitude A, say. The relationship between F(s) and A, which underlies the analysis presented here, depends on many factors including location of the force, material properties of the structure, frequency, etc. In addition, the sensor we consider here could be a long gauge length sensor. If this sensor is used in a long gauge length configuration, the effects of sensor placement should be considered on a case by case basis.
Large Amplitude Nonlinear Distortion
In this subsection we consider the modal domain sensor with analog detection electronics (2.2.13). For large levels of strain, however, the sine nonlinearity introduces distortion into the signal. In this section we quantify this distortion.
Suppose that a sinusoidal force on the structure results in a strain in the optical fiber that is given by (2.2.18). Substituting this expression for strain into the model of the sensor (2.2.11) we get y MD (t) = sin DG 0 + DbA sin w 0 t ( ) .
(2.3.1)
Observing that the sensor output is a periodic function, (2.3.1) can be written as the Fourier series
where J n is an nth order Bessel function of the first kind.
When DbA << 1 and the Q-point drift is zero, DG 0 = 0, the power in the signal y MD (t) is concentrated in the first term y MD (t) ª 2J 1 (DbA) sin w 0 t = DbA sin w 0 t.
(2.3.3)
With increasing amplitude of the strain, A, more power is shifted into the higher order harmonics in (2.3.2). Similarly, Q-point drift causes the appearance of a DC term as well as to shift power into the components y MD (t) which are out of phase with strain. This phenomenon can be quantified by defining the power in each harmonic as
with a similar definition for n odd. Then the total harmonic distortion, THD, is defined as
The THD is shown in Figure 2 .5 as a function of the Q-point drift, DG 0 , the fringe frequency, Db, and the amplitude of the strain, A. Figure 2 .5 essentially describes the linear region of a modal domain sensor when it is used to sense vibrations in a flexible structure.
In a fringe counting configuration, this sensor will also introduce distortions in the sensor output because of the quantization. This effect has long been studied in the signal processing literature and it will not be pursued here. 
CLOSED LOOP ANALYSIS
Introduction
In this section we consider the effect of the sine nonlinearity of the modal domain optical fiber sensor on the performance of a vibration suppression control system. To that end we assume that the structure is modeled by N vibrational modes as ˙ḣ (t) + Dḣ(t) + W 2 h(t) = Bu(t) (3.1.1)
where
If we assume that the strain induced in the optical fiber by the vibrations of the structure can be expressed as a separation of variables expansion using the basis functions
then the sensor output is y MD (t) = sin Db e 0 (s, t)ds
(3.1.4)
The linearized model of the output (3.1.4) is y MD (t) = DbCh(t). The linear open loop system, expressed in state space form, is The closed loop system is shown in Figure 3 .1. In constructing the closed loop system (3.1.9) we only assumed that the compensator (3.1.7) gives acceptable closed loop performance with respect to the linear model (3.1.6). The actual design of the compensator could have been carried out on a reduced order model, say, a subset of the modes in (3.1.6). In that case the models in (3.1.6) and (3.1.9) would also include residual modes.
Equilibrium Points
The sine nonlinearity in the sensor introduces multiple equilibrium points into the linear design model. These equilibrium points are computed by settingẋ p =ẋ c = 0.
(3.2.1) Substituting (3.2.1) into (3.1.9) we obtain 0 =ḣ, 
(3.2.6)
The scalar g can be found graphically by plotting both sides of (3.2.6) on the same graph. A typical graphical solution to (3.2.6) is shown in Figure 3 .2.
2. Calculation of Equilibrium Points.
A possible set of equilibrium points is also shown in Figure 3 .2.
Based on the analysis above we can draw the following conclusions.
1. The assumption that W -2 exists implies that the model of the structure does not have any rigid body modes. Since modal domain sensors respond to strain this assumption is justified.
2. If A c -1 does not exist, A c has a zero eigenvalue corresponding to an integrator. In this case (3.2.2) may admit multiple solutions for x ce .
3. If k c = 0, the compensator has a zero at the origin which corresponds to pure velocity feedback. In this case the nonlinear system has only one equilibrium point at the origin.
4. Suppose that in the closed loop system (3.1.9), the structure is modeled by a single mode with a colocated force input and displacement output. Suppose further that the compensator is a simple constant k c = D c > 0 and k d > 0. Then the sign convention we have chosen would result in increased stiffness in the closed loop system. If k d < 0 the system would be unstable for large enough gains.
5. The number of equilibrium points is determined by the frequency of the sine function in (3.2.6). From Figure 3 .2 we see that as the frequency of the sine function is increased, the number of equilibrium points is increased. The presence of multiple equilibrium points can be characterized in terms of three factors.
i) The factor CW -2 B is the steady state gain of the structure's transfer function. This factor includes the placement of the actuator and sensor through B and C matrices as well as the structure's modes.
ii) The second factor is k c k d . This factor represents the steady state gain supplied by the compensator. As this gain is increased, the number of equilibrium points increases as expected.
iii) The third factor is the fringe frequency, Db, of the modal domain sensor. Increasing the fringe frequency decreases the dynamic range of the sensor, and increases the number equilibrium points.
6. The graph in Figure 3 .2 assumed that the product of all of the factors in (3.2.6) was positive. If that product is negative, then the sine function is shifted by 180°. The results above remain essentially unchanged.
7. If the sensor has some Q-point drift, then (3.2.3) becomes
The Q-point drift introduces a phase shift into the sine function in Figure 3 .2 that causes all of the equilibrium points to shift. In particular, the equilibrium point at the origin is shifted to a nonzero value.
Stability of the Equilibrium Points
Stability Analysis
Next we use Lyapunov's first method to check the stability of the equilibrium points of the closed loop system (3.4.2). To this end we linearize where
We call the factor -k d cos(DbCh e ) (3.3.3) the effective loop gain. For the equilibrium point h e0 = 0, the effective loop gain
has its desired value. That is to say the poles of the system linearized around the equilibrium point at the origin correspond to the closed loop poles that resulted from the compensator designed using the linearized plant model. At nonzero equilibrium points, the effective loop gain has a value which is proportional to the slope of the term
at the intersections with the 45° line. See Figure 3 .2.
We can draw the following conclusions:
1. We assume that the structure's poles are exactly on the imaginary axis (no natural damping), and that the poles depart into the left hand plane as the compensator gain is increased from 0 to k d as shown in Figure 3 .3. If the sign of the effective gain is reversed, then the poles of the linearized system in (3.1.5) will depart into the right half plane for small values of k d and the corresponding equilibrium point are likely be unstable. Figure 3 .2 shows that the equilibrium points are likely alternate between stability and instability for systems with no natural damping.
2. If the structure has some natural damping, the reasoning in (1) still holds qualitatively.
3. Suppose that the closed loop (3.1.9) system (3.3.1) has at least one nonzero equilibrium point corresponding, say, to the first intersection of the curves in Figure 3 .2 for positive g. At this intersection the slope of the sinusoid (3.3.5) is negative. Also suppose that the system has enough damping so that for some value of the fringe frequency, Db, this equilibrium point is stable. As the fringe frequency increases, reducing the dynamic range, the slope of the intersection of the two curves in Figure 3 .2 increases. As the fringe frequency increases the magnitude of the effective gain increases. As the fringe frequency increases to infinity, eventually this stable equilibrium point will become unstable. Now consider the next equilibrium point of increasing g in Figure 3 .2.
As the fringe frequency increases, the slope of the sinusoid increases and this equilibrium point remains stable. Increasing the fringe frequency decreases the stability region of each equilibrium point.
4. If the sensor has some Q-point drift, then the effective gain becomes
(3.3.6)
The Q-point drift causes the phase of the sinusoid in Figure 3 .2 to shift. For Q-point drifts larger than 90°, an equilibrium point can change from stable to unstable.
Limit Cycles
Next we investigate the presence of limit cycles in a control system which incorporates a modal domain sensor. If the structure's transfer function is (3.4.1) and the compensators transfer function is 3.4.2) then the closed loop system (3.1.9) is shown in the block diagram in Figure  3 .1. We also assume that the closed loop system has only one equilibrium point at the origin.
To investigate the possible presence of limit cycles, we use describing functions (Atherton, 1975) . We assume that the limit cycle at the input of the nonlinearity in Figure 3 .1 has the form A 0 cos w 0 t, (3.4.3)
and we look for conditions under which such a signal could be supported throughout the system. To that end, the describing function, N(A), for the sinusoidal nonlinearity in Figure 3 .1 is
The graph of
is shown in Figure 3 .3. To investigate the presence of limit cycles for this system, we recast the root locus in (3.4.7) -(3.4.8) in terms of the root locus design of the original linear system as shown in Figure 3 .4. For a given structure, actuator, and modal domain sensor, if the gain of the closed loop system is 3.4.15) then the closed loop system will admit a limit cycle with a frequency of approximately w i as shown in Figure 3 .5.
Based on the analysis above, we can draw several conclusions.
1. For the example shown in Figure 3 .5, if limit cycles exist, they are approximately at the same frequency as the natural frequency of the structure.
2. The value of the gain k I, which determines k dmax , will be a function of the material properties of the structure as well as the sensor and actuator placement.
3. If k d , satisfies
then this analysis does not predict any limit cycles. This range of gains depends on the fringe frequency as shown in (3.4.14). As the fringe frequency increases, k dmax decreases as we would expect.
4. The amplitude of a limit cycle is determined from
which may have multiple solutions for A 0 . For a given solution which satisfies DbA 0 = constant (3.4.18) the amplitude of the limit cycle A 0 will increase as the fringe frequency, Db, decreases.
5. Suppose that a closed loop system admits the existence of multiple limit cycles with amplitudes, A 01 < º < A 0(i+1) . It can be shown (Atherton, 1975 ) using standard arguments that the limit cycle corresponding to the amplitude A 01 is unstable, and the limit cycle corresponding to A 02 is stable. The limit cycles, ordered according to the magnitude of their amplitude, oscillate between stable and unstable, the first being unstable. This analysis is applied to each of the structure's natural frequencies.
6. If a closed loop system does admit at least one limit cycle, a rough measure of the linear operating region could be taken to be the region inside the limit cycle with smallest amplitude. For a given system, this region could be calculated from the analysis above.
7. This analysis focused on one gain for which the root loci crossed the imaginary axis. This analysis could be repeated at other gains if the root locus is more complicated than shown in Figure 3 .5.
Fringe Counting
In the previous subsection we analyzed the effect of a modal domain optical fiber sensor in a feedback loop when it was in its analog configuration. In this subsection we consider a feedback loop with a modal domain sensor in its fringe counting configuration. In this configuration, the model of the sensor is a quantizer where the quantization levels are the fringe length L f as shown in (2.2.14-15). The upper bound on the sensor output is determined by the material properties of the structure or the optical fiber; the strain level at which the material enters its plastic region. Another constraint is posed by the digital hardware. Here we assume that the upper bound is infinite.
The model of the closed loop system incorporating an modal domain sensor in a fringe counting configuration can be obtained from (3.1.9) by replacing the sine nonlinearity by the quantization nonlinearity (2. The equilibrium points satisfy
where the derivation of (3.5.2) follows the derivation of (3.2.5-6). Equation In Figure 3 .6a we assumed that DG 0 = 0, and DbCW -2 Bk c k d > 0.
(3.5.3)
In Figure 3 .6a it is clear that there is only one equilibrium point at the origin. It is also easy to see that Q-point drift, if large enough, could cause that equilibrium point to jump to a nonzero value, or have no equilibrium point at all.
The stability of the equilibrium points can be investigated using the approach in Section 3.2. In Figure 3 .6b assume that the equilibrium point does not correspond to one of the jump discontinuities of the quantizer function. Then linearizing the system around this equilibrium point yields 
(3.5.7)
A plot of this describing function for several values of DG 0 is shown in Figure  3 .8.
Proceeding as in the last section, we note that the describing function is always positive. Hence, if the root locus for the linear system is always in the left hand plane for 0 £ k £ k d , then this analysis does not predict any limit cycles for the fringe counting configuration of a modal domain optical fiber sensor. Limit cycles could occur, however, if the linear system is conditionally stable. 
CONCLUSION
In this paper we have considered vibration suppression control systems for flexible structures which incorporate a modal domain optical fiber sensor. We have described the nonlinearities of these sensors as sinusoidal when the sensor is operated in its analog configuration and as a quantizer when the sensor is configured for fringe counting. The sinusoidal nonlinearity can introduce multiple equilibrium points and limit cycles. The fringe counting configuration can, under some circumstances, introduce limit cycles.
The analysis in this paper was carried out in terms of the parameters of the sensor, the fringe frequency and the Q-point drift. Given a structure with a modal domain optical fiber sensor, these results can be used to predict the nonlinear behavior in terms of potential disturbances, or to size the sensor to avoid undesirable nonlinear behavior.
